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In this work we present a detailed study on the elastic and magnetoelastic contributions for thin ﬁlms
and bulk materials with hexagonal and cubic crystalline structures. In contrast to bulk materials, the
effective elastic anisotropy for thin ﬁlms shows a strong dependence on the epitaxial order of the ﬁlm
on the substrate and the stress-free condition of the out-of-plane strain. The contributions of the elastic
and magnetoelastic energies in the effective magnetic anisotropy of ﬁlms with cubic or hexagonal
lattice are obtained for certain epitaxial growth directions.
& 2012 Elsevier B.V. All rights reserved.1. Introduction
Ferromagnetic materials are intrinsically magnetostrictive,
developing a mechanical deformation when subjected to an
external magnetic ﬁeld (see Fig. 1). This phenomenon comes from
a reorientation of the magnetization direction in the material
exposed to a magnetic ﬁeld, leading to a ﬁeld-induced strain. In a
given structure, the atoms are in an equilibrium position and the
elastic energy is responsible for a stable equilibrium of atomistic
positions with magnetization assuming a preferential direction.
In ferromagnetic thin ﬁlms have been reported that elastic and
magnetoelastic contributions differ substantially from the respec-
tive bulk properties [1]. Magnitude and sign of magnetoelastic
coupling constants can deviate from their respective bulk value
mainly in the case of ultrathin and strained ferromagnetic ﬁlms.
The preferential magnetization orientation can also be inﬂuenced
by the lattice deformation. Since ﬁrst-order magnetoelastic effects
in strain are well-known for several crystalline structures [2,3],
elastic constants, magnetoelastic couplings and strains are appro-
priate parameters to model the inﬂuence of stress in the magne-
tization process.
Even today, an accurate numerical solution for three- and two-
dimensional elastostatics and magneto-elastostatic of ﬁlms is
often impractical and sometime infeasible. Magneto-elastic dis-
placements depend on the spin–orbit interaction and can locally
differ from the rigid body displacements, making necessary use ofll rights reserved.
),the ﬁnite strain tensors with compatibility conditions to leave the
body without unphysical gaps or overlaps after a deformation.
Therefore, both ﬁrst-principles calculations and ﬁnite element
methods become complicated approximations for our purpose of
analyses, it is sufﬁcient to apply appropriate boundary conditions
to differentiate bulk and thin ﬁlms. For our purpose of analyses, it
is sufﬁcient to apply appropriate boundary conditions to differ-
entiate bulk and thin ﬁlms. Whereas bulk is free to deform in all
directions, thin ﬁlms are considered homogeneous and linearly
elastic slabs bounded by two ﬂat faces, one is free to deform and
the other is clamped on a substrate.
Elastic and magnetoelastic effects are treated assuming that
free energy should be expressed as a function of the external
magnetic ﬁeld and temperature so that the derivative with
respect to magnetic ﬁeld gives the magnetization at constant
temperature. In these procedures, is admitted that volume and
number of magnetic moments are constants.
In the early work of Kittel [2,4–7] it was shown that the effect
of a tetragonal deformation in cubic bulk materials leads to a
correction in the free magnetic energy density. In general, ﬁrst-
and second-order magnetoelastic terms, i.e., terms that scale to a2i
and a4i , are used in the free magnetic energy to describe the
magnetic behavior of thin ﬁlms [3,4,8–13]. The origin of these
terms, however, remains unclear. The current work provides
expressions for those terms depending on the epitaxial order,
showing that magnetoelastic effects in thin ﬁlms are a very
complicated issue and their effects in the magnetic anisotropy
are captious.
In this work we analyze the effects of unit cell distortion in the
magnetic anisotropy as thin ﬁlms are constrained to the sub-
strate. In this case, additional non-linear terms are obtained in the
Fig. 1. Magnetomechanical behavior of a magnetostrictive material, which can be
stretched (left part) or shrinked (right part) under an applied ﬁeld.
V.Z.C. Paes, D.H. Mosca / Journal of Magnetism and Magnetic Materials 330 (2013) 81–8782total magnetic anisotropy, leading to elastic free energy density
for thin-ﬁlms substantially different from those obtained for bulk.
Moreover, such magnetic anisotropy constants depend strongly
on the epitaxial relation of the ﬁlm on the substrate.2. Magnetoelastic and elastic contributions
Magnetoelastic energy and its corresponding magnetoelastic
coupling constant take into account the interaction between
the magnetization and lattice deformation due to strain [2].
The magnetoelastic energy is deﬁned zero for an unstrained
lattice. Magnetostrictive energy is due to deformation of a sample
due to magnetic interactions and can be spontaneous when
originated from internal magnetic interaction or forced when
created by magnetic interaction between the sample and an
externally applied magnetic ﬁeld. Consequently, magnetic and
elastic properties in ferromagnetic materials depend on each
other and there is a strong inﬂuence of crystalline structure and
lattice deformation in the magnetization process and elastic
properties.
The application of a mechanical stress to magnetic material
changes its magnetic properties. Such changes are visible in the
magnetization curve and make the magnetic induction different
for a given magnetic ﬁeld at different applied stresses. These
changes are due mainly to two mechanisms. One is due to the
magnetoelastic energy, which modiﬁes the anisotropy of the
material and the other is due to a change in the interatomic
distances and symmetry lowering.
In most of the models of magnetostriction and magnetoelastic
coupling, the energy is separated into magnetic energy and elastic
energy, with the sum of which is considered as the magnetoelas-
tic energy of the coupled system.
In bulk, it is commonly assumed that magnetoelastic and
magnetostrictive coefﬁcients of the magnetic material do not
change with strain. However, in thin ﬁlms these coefﬁcients can
be assumed to be linearly dependent on the stress values or strain
by considering that Hook’s law is valid.
The magnetomechanical effects in magnetic materials are
useful phenomena as it is used in actuators, transducers and
devices, but this same phenomena becomes parasitic when it is
considered source of the noise and vibrations in transformers,
inductors and magnetic sensors.
Next, elastic and magnetoelastic energies contributions to free
energy for magnetic materials with cubic and hexagonal crystal-
line structures are revised and further implemented in the
treatment of magnetic thin ﬁlms constrained to substrates.2.1. Hexagonal crystals
The elastic free energy density for a crystal with hexagonal
structure, Fel
H, is given by [14]
FHel ¼ 12c11ðE21þE22Þþc12E1E2þc12E3ðE1þE2Þ
þ12 c33E23þ12 c44ðE24þE25Þþ14ðc11c12ÞE26 ð1Þand the magnetoelastic free energy density, Fme
H , is [15]
FHme ¼ B1 a21E1þa22E2þa1a2E6
 B2a23E3
B3a23ðE1þE2ÞþB4ða2a3E4þa1a3E5Þ: ð2Þ
Here a1, a2, and a3 are the direction cosines with respect to the
c-axis of the hexagonal lattice, Ei represents the strain in Voigt’s
notation, cij and Bi denote the elastic and magnetoelastic coupling
constants, respectively. It is noteworthy that in Eqs. (1) and (2)
second-order strains have not been taken into account, which
might also play a role.
2.2. Cubic crystals
According to Kittel [2,1,3] for a crystal with cubic structure, the
elastic, Fel
C , and the magnetoelastic, Fme
C , free energy densities are,
respectively, given by:
FCel ¼ 12 c11ðE21þE22þE23Þþ12c44ðE24þE25þE26Þþc12ðE1E2þE2E3þE1E3Þ,
ð3Þ
FCme ¼ B1ða21E1þa22E2þa23E3ÞþB2ða1a2E6þa2a3E4þa3a1E5Þ: ð4Þ
In the above equations we omitted higher-order terms in the
strain, which might also play a role.
Next, we discuss how is the procedure to evaluate the effective
elastic anisotropy for bulk materials and thin ﬁlms with cubic and
hexagonal crystalline structures. It is properly done regarding the
epitaxial relations of the ﬁlms on the substrates and considering
the orthogonal crystal coordinate system in which the elastic
constants cij are well deﬁned.3. Thin ﬁlms under constraints
On the contrary to bulk materials, which are free to deform
under action of a magnetic external ﬁeld, thin ﬁlms are clamped
on the substrates. Therefore, ferromagnetic thin ﬁlms are not free
to deform under magnetostrictive forces. A magnetostrictive
stress is induced along the substrate plane. As a consequence,
the strains belonging to the ﬁlm plane are ﬁxed, while the out-of-
plane strains are free to deform.
A word of caution is that all strains are not constant during the
magnetization process. Consequently, they always search for an
equilibrium position to minimize the total energy. Let the in-
plane strains be E1, E2 and E6, while E3, E4 and E5 are the out-of-
plane strains [16]. So, the previous discussion is equivalent to:(I) si ¼ @F=@Ei, i¼ 1,2,6.
(II) @F=@Ei ¼ 0, i¼ 3,4,5.Here F is the total free energy density, Ei is the strain in Voigt’s
notation and si is the ﬁeld-induced stress.
To correctly take into account the energy due to lattice
distortion, we consider that the in-plane strains are constant
while the out-of-plane strain are free to relax and distort the
lattice, minimizing the energy, and contributing to the effective
anisotropy. In this case, the contributions to the in-plane strains
may arise from growth conditions, thermal expansion, and
eventually structural phase transition.
It is also noteworthy that the effective elastic anisotropy
should be calculated by regarding properly the epitaxial relation
of the ﬁlm on the substrate. It should be properly adjusted to the
orthogonal crystal coordinate system in which the elastic con-
stants cij are well deﬁned [1,17]. The coordinates are already
properly adjusted in the case of hexagonal crystals with 0001-
orientation and cubic crystals with 100-orientation (both body-
centered cubic and face-centered cubic elements). However, it is
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hexagonal ﬁlms with the 1120-orientation [1].
Let E01 and E02 be the strain measured in a coordinate system in the
ﬁlm, and E03 be the strain perpendicular to the ﬁlm plane in the same
coordinate system. Thus, to evaluate the elastic and magnetoelastic
energies, the coordinates must be converted, i.e., we have to express
Ei in terms of E0i. This transformation is performed by deriving the
correct transformation of the strain tensor for the respective epitaxial
relation [1]. To do this, we explicitly derive the elements of the
transformation matrix with elements aij and express the strains in the
orthogonal crystal coordinate system, Ei, as a function of E0i. The
transformation is done by means of a matrix multiplication E¼ aTE0a;
here a is the transformation matrix and aT is the transpose of a.
For thin ﬁlms we investigate the case of simple epitaxial stress
resulting from constraining at the interface between ﬁlm and
substrate which relax along the growth direction without con-
sidering shear strains, E04 ¼ E05 ¼ E06 ¼ 0 [1].
Next we evaluate the effective elastic anisotropies for thin
ﬁlms with cubic or hexagonal crystalline structure.Fig. 2. (a) Basal (0001) plane and (b) (1120) plane of a hexagonal lattice and
relative orientations between coordinate systems.4. Hexagonal structure
We derived expressions for the effective elastic anisotropies
for bulk materials and thin ﬁlms with hexagonal crystalline
structure having 0001- and 1120-orientations.
4.1. Bulk materials
The effect of lattice deformation in the magnetic anisotropy
can be calculated by minimizing the elastic and magnetoelastic
energies, Eqs. (1) and (2), with respect to the strains. These strains
can be expressed as
E1 ¼
B1ðc213c11c33Þa21þB1ðc213þc12c33Þa22
ðc11c12Þ½2c213þc33ðc11þc12Þ
þ ðB3c33B2c13Þa
2
3
½2c213þc33ðc11þc12Þ
,
ð5Þ
E2 ¼
B1ðc213þc12c33Þa21þB1ðc213c11c33Þa22
ðc11c12Þ½2c213þc33ðc11þc12Þ
þ ðB3c33B2c13Þa
2
3
½2c213þc33ðc11þc12Þ
,
ð6Þ
E3 ¼
B1c13þ½ðB1þ2B3Þc13þB2ðc11þc12Þa23
½2c213þc33ðc11þc12Þ
, ð7Þ
E4 ¼
B4a2a3
c44
 
, ð8Þ
E5 ¼
B4a1a3
c44
 
, ð9Þ
E6 ¼
2B1a1a2
ðc11c12Þ
: ð10Þ
We point out that the above minimal equations are drastically
different from those obtained in an early work [18]. In that work a
different free energy density was used. West [18] included in
Eq. (2) a term depending on E1, E2, E3 to account for the energy of
the demagnetized state, which in his study points towards the
c-axis of the hexagon. However, such inclusion is not straight-
forward to analyze the elastic and magnetoelastic anisotropies,
since the original formula does not contain such terms [15]. That
additional strain dependence changes the energy contribution
due to deformation of the unit cell, giving wrong expressions for
the minimal strain equations.
By having the strains that minimize the total energy, the
procedure to obtain the effective elastic anisotropy is simple.Instead of treating the elastic and magnetoelastic separately, we
replace the strains of Eqs. (5)–(10) into the free elastic energy
densities (Eqs. (1) and (2)). This lead to an effective anisotropy in
ﬁrst- and second order of the direction cosine a3. For hexagonal
bulk material, the effective elastic anisotropy in ﬁrst-order of a3,
KBem1, is given by
KBem1 ¼
B1c13½B2ðc11c12ÞþB1c13
ðc11c12Þ½2c213þðc11þc12Þc33
þ B1½ðB1þB3Þc11B3c12c33ðc11c12Þ½2c213þðc11þc12Þc33
 B
2
4
2c44
, ð11Þ
and in second-order of a3, KBem2, it is
KBem2 ¼
B22ðc11þc12Þþ2B2ðB1þ2B3Þc13
2½2c213þðc11þc12Þc33
þ B
2
1c
2
13ðB1þB3Þ2c11c33
2ðc11c12Þ½2c213þðc11þc12Þc33
 2B3ðB1þB3Þc12c33
2ðc11c12Þ½2c213þðc11þc12Þc33
þ B
2
4
2c44
: ð12Þ
With the values of the magnetoelastic couplings Bi and the
values of the elastic couplings cij, we are able to evaluate the
effective elastic anisotropy for magnetic materials with hexagonal
lattice.
Expressions (11) and (12) show that in ﬁrst and second-order
of a3 the effective elastic anisotropy intertwines of elastic and
magnetoelastic constants. The magnitude of these anisotropy
terms are of the form BiBj=cij, depending on the interplay of the
magnetoelastic couplings, Bi, and elastic constants, cij. In other
words, its magnitude is driven by the competition between
magnetization changes due to lattice deformation and elastic
stiffness.4.2. Thin ﬁlms
Now, we address the effective elastic energy for hexagonal
ﬁlms with two growth directions.4.2.1. Hexagonal 0001 oriented-ﬁlms
The hexagonal (0001) plane is shown in Fig. 2(a). For this
orientation there is no need of a tensor transformation of the
strain.
By minimizing the elastic and the magnetoelastic energies
given by (1) and (2) with respect to E3, we obtain
E3 ¼
B2a23c13ðE1þE2Þ
c33
ð13Þ
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FH0001 ¼
B2c13
c33
B3
 
ðE1þE2Þa23þB1½E1ð1þa21ÞþE2a22
B22
2c33
a43:
ð14Þ
We observe that effective elastic energy is very different of the
sum of Eqs. (1) and (2). Moreover, Eq. (14) states that the energy
necessary to rotate magnetization from the direction a3 ¼ 1 to
a1 ¼ 1 is equal to
B22
2c33
 B2c13
c33
B3
 
ðE1þE2ÞþB1E1,
whereas such energy is equal to B1E1þB2E3þB3ðE1þE3Þ by using
Eqs. (1) and (2). Furthermore, an additional term scaling to a43
appears, which can be related to the hexagonal–orthorhombic
distortion. The last one is a non-linear term in the free energy
density.4.2.2. Hexagonal 1120-oriented ﬁlms
The hexagonal (1120) plane is shown in Fig. 2(b).
In this case we have to obtain the appropriate tensor trans-
formation, since the orthogonal in-plane directions do not coin-
cide with the crystal axis.
The relation between the coordinates x0, y0, z0 must be
expressed as a function of the crystal directions x, y and z. The
tensor transformation is given by
a¼

ﬃﬃ
3
p
2
1ﬃﬃ
2
p 0
0 0 1
1ﬃﬃ
2
p
ﬃﬃ
3
p
2 0
0
BB@
1
CCA
and the transformation for the strain E¼ aTE0a leads to
E¼
3
4 E
0
1þ
E0
3
4
ﬃﬃ
3
p
4 ðE01þE03Þ 0ﬃﬃ
3
p
4 ðE01þE03Þ 14 ðE01þ3E03Þ 0
0 0 E02
0
BB@
1
CCA:
Inserting the elements of the above strain tensor in the free
energy, we minimize the elastic and the magnetoelastic energy
with respect to E03, obtaining:
E03 ¼
B1B1a212
ﬃﬃﬃ
3
p
B1a1a23B1a22þ4B3a23
4c11
 c12E
0
1þc13E02
c11
 
ð15Þ
and the effective elastic anisotropy is
FH
1120
¼ 1
32c11
½B21ða41þ9a42þ18a22a21Þ
þ 1
32c11
½þ8B1B3ða21a23þ3a22a23Þ16B23a43
þ a1a2
32c11
½B21ð4
ﬃﬃﬃ
3
p
a21þ12
ﬃﬃﬃ
3
p
a22Þþ18B1B3
ﬃﬃﬃ
3
p
a23
þ a1a2
32c11
½4
ﬃﬃﬃ
3
p
B2116
ﬃﬃﬃ
3
p
B1c11E0116
ﬃﬃﬃ
3
p
B1ðc12E01þc13E02Þ
þ ½B
2
1ð6a22þ2a21Þ8B1B3a23þ8B1c11E01ð3a21þa22Þ
32c11
þ 1
32c11
½ða21þ3a22Þ8B1ðc12E01þc13E02Þþ2B2c11E02a23: ð16Þ
The above effective elastic anisotropy is much more complex
than the elastic and magnetoelastic anisotropies given by
Eqs. (1) and (2). Terms depending on a4i , a
2
i a
2
j , a
2
i a1a2, a1a2 and
a2i arise. Such terms are a result of the use of the appropriate
tensor coordinates and the stress-free condition of the out-of-
plane strain. For instance, using Eq. (16) the energy necessary torotate magnetization from the direction a3 ¼ 1 to a1 ¼ 1 is
DE1120 ¼
B21þ2B21þ24B1c11E018B1ðc12E01þc13E02Þ
32c11
þ16B23þ8B1B32B2c11E02
31c11
, ð17Þ
whereas its value using Eqs. (1) and (2) without the correct strain
transformation is B1E01þB2E03þB3ðE01þE02Þ. Therefore, the use of the
appropriate tensor coordinates and the stress condition of the
out-of-plane strain leads to a totally different energy necessary to
rotate magnetization due to magnetoelastic and magnetostrictive
forces.5. Cubic structure
Now we derive expressions for the effective elastic anisotro-
pies for bulk materials and thin ﬁlms with cubic crystalline
structure.
5.1. Bulk materials
In order to calculate the effective elastic anisotropy for cubic
crystals, we have to minimize Eqs. (3) and (4) with respect to the
strains, ﬁnd the strains that minimizes those energies and insert
them into Eqs. (3) and (4). By minimizing the total elastic energy
for a cubic system with respect to the strains, we ﬁnd that
E1 ¼
B1c12B1ðc11þ2c12Þa21
ðc11c12Þðc11þ2c12Þ
, ð18Þ
E2 ¼
B1c12B1ðc11þ2c12Þa22
ðc11c12Þðc11þ2c12Þ
, ð19Þ
E3 ¼
B1c12B1ðc11þ2c12Þa23
ðc11c12Þðc11þ2c12Þ
, ð20Þ
E4 ¼
B2a2a3
c44
 
, ð21Þ
E5 ¼
B2a1a3
c44
 
, ð22Þ
E6 ¼
B2a1a2
c44
 
: ð23Þ
The above minimal equations are in agreement with the previous
results obtained by Kittel [2]. The effective elastic anisotropy,
KBCða21a22þa21a23þa22a23Þ, is given by
KBC ¼ B
2
1
c11c12
1
2
B22
c44
: ð24Þ
The above effective elastic anisotropy is simple and is of the
form B2i =cij. In the same way of hexagonal materials, the magni-
tude of such anisotropy depends on the interplay between elastic
and magnetoelastic constants.
5.2. Thin ﬁlms
Let us now to address the effective elastic energy for the 100-,
110- and 111-oriented ﬁlms.5.2.1. Cubic (100)-oriented ﬁlms
For this orientation there is no need of a tensor transformation
of the strain. By minimizing the elastic and the magnetoelastic
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E3 ¼
B1a23þc12E1þc12E2
c11
 
ð25Þ
and the effective elastic energy, F100,C , is given by
FC100 ¼
B1c12ðE1þE2Þ
c11
þB1E1
 
a23
B21a43
2c11
þB1a22ðE2E1Þ: ð26Þ
Again, we observe that the above energy is very different of the
simple sum of the energies given in Eqs. (3) and (4). These extra
terms depend on a23, a22 and a second-order term depending on a43
also appears. The last one being very important to describe non-
linear terms in the free energy and can be associated with the
cubic–tetragonal distortion. For instance, the energy necessary to
rotate magnetization from a3 ¼ 1 to a1 ¼ 1 using Eq. (26) is
B21
2c11
þ B1c12ðE1þE2Þ
c11
þB1E1,
whereas using Eqs. (1) and (2) that energy is equal to B1ðE1E3Þ.
It shows that the appropriate tensor coordinates transformation
and the out-of-plane stress-free condition are necessary to correct
evaluate the effect of lattice distortion in the magnetic anisotropy.5.2.2. Cubic (110)-oriented ﬁlms
The (110) plane is shown in Fig. 3(a). In this case we have to
obtain the appropriate tensor transformation, since the orthogo-
nal in-plane directions does not coincide with the crystal axis.
The relation between the coordinates x0, y0, z0 must be
expressed as a function of the crystal directions x, y and z. The
tensor transformation is given by [1]
a¼
1ﬃﬃ
2
p 1ﬃﬃ
2
p 0
0 0 1
1ﬃﬃ
2
p 1ﬃﬃ
2
p 0
0
BB@
1
CCA:
With the transformation for the strain E¼ aTE0a results:
E¼
1
2 ðE01þE03Þ 12 ðE01þE03Þ 0
1
2 ðE01þE03Þ 12 ðE01þE03Þ 0
0 0 E02
0
BB@
1
CCA:
By minimizing the elastic and the magnetoelastic energies
with respect to E03, we obtain
E03 ¼
B1a21þ2B2a1a2þB1a22
c11þc12þ2c44
 
þ ðc11c12þ2c44ÞE
0
12c12E02
c11þc12þ2c44
 
ð27Þ
and the effective elastic anisotropy is (regardless constants that
do not depend on the direction cosines ai and thus do notFig. 3. (a) (110) plane and (b) (111) plane of a cubic lattice with relative
orientations between ﬁxed and rotated coordinate systems.contribute to the magnetic anisotropy):
FC110 ¼
ðB21a43þ4B1B2a23a1a24B22a21a22Þ
4ðc11þc12þ2c44Þ
þ ð2B
2
1a234B1B2a1a28B1c44E01a23Þ
4ðc11þc12þ2c44Þ
þ B1E
0
2c12a23
c11þc12þ2c44
þB1E02a23:
ð28Þ
Again, the above effective elastic anisotropy is much more
complex than Eqs. (3) and (4). Many non-linear terms appear
depending on a1a2, a23, a21a22, a23a1a2 and a43. To illustrate the
difference between Eqs. (3), (4) and (28) and Eq. (28), we calculate
the energy necessary to rotate magnetization from a3 ¼ 1 to a1 ¼ 1.
By using Eq. (28), it gives ðB21þ8B1E01c444B1E02c12Þ =ðc11þ
c12þ2c44ÞB1E02, whereas by using Eqs. (3) and (4) without the
appropriate tensor coordinate transformation and the out-of-plane
stress-free condition, it gives B1ðE01E03Þ.
5.2.3. Cubic (111)-oriented ﬁlms
The cubic (111)-plane is shown in Fig. 3(b). Once again, we
have to obtain the appropriate tensor transformation, since in this
orientation the orthogonal in-plane directions do not coincide
with the crystal axis. The tensor transformation is given by
a¼
1ﬃﬃ
2
p 1ﬃﬃ
2
p 0
 1ﬃﬃ
6
p  1ﬃﬃ
6
p
ﬃﬃ
2
3
q
1ﬃﬃ
3
p 1ﬃﬃ
3
p 1ﬃﬃ
3
p
0
BBBB@
1
CCCCA
and the transformation for the strain E¼ aTE0a, with aT the
transpose matrix of a, leads to
E¼
1
2 E
0
1þ 16 E02þ 13 E03  12 E01þ 16 E02þ 13 E03 13 ðE02þE03Þ
 12 E01þ 16 E02þ 13 E03 12 E01þ 16 E02þ 13 E03 13 ðE02þE03Þ
1
3 ðE02þE03Þ 13 ðE02þE03Þ 23 E02þ 13 E03
0
BB@
1
CCA:
By minimizing the elastic and the magnetoelastic energies with
respect to E03, we obtain
E03 ¼
3B1a21þ6B2a1a2þ3B1a22þ6B2a1a3
3 c11þ2c12þ4c44ð Þ
 
þ 6B2a2a33B1a
2
3þð3c116c12þ6c44ÞE01
3ðc11þ2c12þ4c44Þ
 
þ ð3c116c12þ5c44ÞE
0
2
3ðc11þ2c12þ4c44Þ
: ð29Þ
The effective elastic anisotropy is:
FC111 ¼
2B22ða22a23þa22a21þa21a23Þ
3ðc11þ2c12þ4c44Þ
4B
2
2a1a2a3ða1þa2þa3Þ
3ðc11þ2c12þ4c44Þ
B2E
0
1ð5c11þ10c12þ8c44Þa1a2
3ðc11þ2c12þ4c44
þ B2E
0
1ðc11þc122c44Þða1þa2Þa3
9ðc11þ2c12þ4c44Þ
B2E
0
2ð3c11þ6c1256c44Þa1a2
18ðc11þ2c12þ4c44Þ
þ 2B2E
0
2ð6c11þ12c12þ7c44Þða1þa2Þa3
9ðc11þ2c12þ4c44Þ
2B1B2ða1a2þða1þa2Þa3Þ
3ðc11þ2c12þ4c44Þ
þ B1E
0
1ðc11þ2c12þ16c44Þða21þa22Þ
6ðc11þ2c12þ4c44Þ
: ð30Þ
The foregoing anisotropy is rather complex with terms
depending on a2i a
2
j , a
2
i ajak, aiaj and a
2
i . Several non-linear terms
arise, due to the cubic–tetragonal and cubic–rhombohedral
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tization from a3 ¼ 1 to a1 ¼ 1 by using Eq. (30) is
B1E01ðc11þ2c12þ16c44Þ
6ðc11þ2c12þ4c44Þ
,
whereas the correspondent energy by using Eqs. (3) and (4)
without the strain coordinate transformation and the out-of-
plane stress-free condition yields B1ðE01E03Þ. It shows that the
correct evaluation of the impact of the elastic and magnetoelastic
forces in the magnetic anisotropy is achieved by performing the
appropriate tensor coordinate transformation and by using the
stress-free condition of the out-of-plane strain.6. Discussion
Our expressions derived for bulk are drastically different of the
expressions derived for thin-ﬁlms. We have shown that the
impact of the elastic and magnetoelastic forces upon magnetiza-
tion rotation is achieved by taking into account the correspondent
strain tensor transformation and the stress-free condition of the
out-of-plane strain. It is noteworthy that our expressions show
that the effective elastic and magnetoelastic forces depends on
the interaction between magnetization and lattice deformation as
well as the stiffness of the material. These effects should be
negligible for materials exhibiting small magnetoelastic response,
such as bulk Co, Fe and Ni. However, these same effects can be
relevant in materials exhibiting a strong magnetoelastic response,
such as MnAs [19–21], Galfenol [22–24], Terfenol [25,26] and
Fe2Tb [27–29]. For instance, we investigate the magnetic aniso-
tropy of Fe2Tb, which exhibits the largest ﬁrst-order magneto-
crystalline anisotropy constant of cubic materials at room
temperature [30], namely K1 ¼7:6 106 J=m3. The easy axis of
this alloy is along the [111] crystallographic axis. Magnetostric-
tion measurements show that l111bl100 [28], so we use
l111 ¼ 2600 ppm [31,32], c44 ¼ 115 GPa [2], and Eq. (24) to calcu-
late the anisotropy induced by ﬁeld-induced lattice distortion. It
gives KBC ¼3:5 MJ=m3. Such induced anisotropy is of the form
KBC(a21a22þa21a23þa22a23), and as our calculated induced anisotropy
is negative, it favors an alignment of magnetization along the
[111] direction. We conclude that there is a very strong inﬂuence
of ﬁeld-induced distortion of the unit cells in the ﬁrst-order
magnetocrystalline constant of Fe2Tb.
Our expressions obtained for bulk materials and thin-ﬁlms
show many terms that scale to higher-orders of ai, which have
their origins mainly in the hexagonal-to-orthorhombic distortion
or cubic-to-tetragonal distortion, see Eqs. (14), (16), (26), (28) and
(31). Indeed, higher-order terms, which stem frommagnetoelastic
interactions, have been used to model the inﬂuence of magne-
toelasticity in the magnetic anisotropy [3,4,8–13].
In earlier works [1,33–36], it was shown that, in general, the
magnetoelastic couplings are not the same for bulk and thin ﬁlms.
These studies were supported by using free energies like Eqs.
(2) and (4). A linear dependence of the magnetoelastic couplings
with strain has been reported based on the effect of low-
dimensionality in the magnetic anisotropy [1]. Our present work
suggests that such effects are drastically different if we consider
the bulk and thin ﬁlm parameters the same. Moreover, the
effective elastic anisotropy is drastically different for the same
thin ﬁlm depending on the orientation of the ﬁlm on the
substrate. The current work shows that the correct evaluation of
the impact of the magnetoelastic couplings and elastic constants
into the anisotropy need take into account epitaxial relationships
and constraints of the ﬁlm onto the substrate.
From the point of view of modelling and mathematical
approaching, the magnetoelastic and magnetostriction behaviorsof the material can be modelled as uncoupled, or as coupled at
different levels, depending on the objectives and goals of the
models. Concerning magnetoelastic coupling, the weak coupling
corresponds to an effect of the magnetic ﬁeld on the elastic lattice
state, without any effect on the properties of the material. In this
case, there is no back effect of the elastic ﬁeld on the magnetic
ﬁeld or on the magnetic properties of the material. This approach
is the most commonly used. Neither the magnetostriction effect,
nor geometrical changes due to elastic displacement, can be taken
into account accurately in such case.
In this work, we derived expression for the effective anisotropy
using a standard minimize method of free energy consistent with
coupling between magnetoelastic and elastic phenomena in the
presence of an applied magnetic ﬁeld.7. Conclusion
We have studied the effective elastic anisotropy for bulk and
thin ﬁlms with hexagonal or cubic crystalline structures. Analy-
tical expressions for elastic and magnetoelastic anisotropies
dependent on the speciﬁc constraints have been derived for bulk
materials and thin ﬁlms. The former, under the condition of free
deformation in all directions, and the latter considering the
presence of strains in the ﬁlm plane and free deformation along
the growth direction. The expressions for anisotropies are dras-
tically different for bulk and thin-ﬁlms, showing that even if the
magnetocouplings and elastic couplings for bulk and thin ﬁlms
are considered the same, their effects in the magnetic anisotropy
are by no means equal.
In summary, the effects of the constraint magneto-mechanics
have been shown to play a role on the determination of the elastic
and magnetoelastic anisotropies. We demonstrated that many non-
linear terms are necessary to account the inﬂuence of magneto-
elasticity in the magnetic anisotropy in the case of hexagonal-to-
orthorhombic distortion or cubic-to-tetragonal distortion. These
captious effects could not be ignored in the determination of the
magnetic anisotropy of epitaxial ﬁlms.Acknowledgments
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